
1. Let p be an odd prime and let d be a divisor of p − 1, it is known that
the congruence ad ≡ 1 (mod p) has exactly d distinct solutions. Let
a1,a2,. . . ,ad those solutions.Prove that

∑d
i=1 a

n
i ≡ cn · d (mod p) where

cn = 1 if n is divisible by d and 0 otherwise.

Solution.We can to prove that:

(
d∑

i=1

ani )((
d∑

i=1

ani )− d) ≡ 0 (mod p)

Let 1 ≤ i ≤ d,it is easy prove that the remainders modulo p of the num-
bers a1 ·ai,a2 ·ai,a3 ·ai,. . . ,ad ·ai are all different and that satisfy rd−1 ≡
0 (mod p).Hence are just a1,a2,a3,. . . ,ad in some order.The result fol-
lows summing and using binomial theorem.Therefore:

∑d
i=1 a

n
i ≡ cn · d

(mod p) where cn is 0 or 1. On the other hand :

(
d∑

i=1

a1
i +

d∑

i=1

a2
i + . . .+

d∑

i=1

ad−1
i ) ≡ 0 (mod p)

We can to rearrange the terms forming geometric progressions (we may
assume a1 = 1,since 1d ≡ 1 (mod p)) and then to use the fact that adi ≡ 1
(mod p). Hence we have that: (c1 + c2 + . . . + cd−1)d is divisible by p, d
is relatively prime to p so the only possible value of (c1 + c2 + . . .+ cd−1)
is zero, since otherwise no could be divisible by p. Therefore we may
deduce that c1 = c2 = . . . = cd−1 = 0 and

∑d
i=1 a

n
i is divisible by p for

n = 1,2,. . . ,d− 1.
d∑

i=1

an+d
i ≡

d∑

i=1

ani (mod p)

On the other hand,it is easy to prove that for n multiple of d:
∑d
k=1 k

n is
of the form p ·m+ d. Hence

∑d
i=1 a

n
i ≡ cn · d (mod p) where cn = 1 if n

is divisible by d and 0 otherwise.
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